Abstract. In this paper we consider the problem of classifying the isomorphism classes of extensions of degree p k of a p-adic field, restricting to the case of extensions without intermediate fields.
Introduction
Let p be a prime number, and let K be a p-adic field. A natural problem is to describe the set E K (e, f ) of all extensions of K with fixed ramification index e and inertial degree f . In this setting one may consider several questions, such as finding enumerating formulas and, more generally, characterizing subfamilies of E K (e, f ) whose fields share some property: for example, the valuation of the discriminant, the Galois group of the normal closure, or, more finely, the full ramification filtration. These questions are elementary in the tame case (p ∤ e) and definitely more complicated in the wild case (p|e) and have been considered, over the years, by many authors.
In 1962 Krasner [Kra62] , by examining all possible Eisenstein polynomials, obtained an explicit formula for the total number of elements of E K (e, f ). Later on, Serre [Ser78] , with a similar method, was able to refine Krasner's result by counting the elements in E K (e, f ) with given discriminant for all possible discriminants; in the same paper, he also showed that the distribution of the extensions in E K (e, f ) according to their discriminant satisfies a "mass formula" of general type.
In 2004, Hou and Keating [HK04] considered the problem of determining the number of isomorphism classes of fields in E K (e, f ); they found general formulas when p 2 ∤ e and, under some additional assumptions on e and f , also when p 2 ||e. In 2011 one of the authors was able to deduce a formula enumerating the isomorphism classes of extensions of a p-adic field K with given ramification e and inertia f , for each e and f [Mon11] .
In the paper [DCD07] , two of the authors present a complete description of the smallest degree case for which there is wild ramification, namely the case of extensions of degree p of a p-adic field K. They introduced a suitable extension F of K over which all extensions of degree p of K become "special" Kummer extensions, in the sense that they can be recognized, among all degree p extensions of F , in terms of Galois representations (see Theorem 1.1). This method allows them to get a very detailed information on each field of the family; in particular, they derive the formula for the number of the extensions of K of degree p and of their isomorphism classes according to their discriminant. In 2010, Dalawat [Dal10] revisited the method of [DCD07] , introducing a different language, and extended the main result to local fields of characteristic p.
In this paper we consider the problem of classifying the isomorphism classes of the extensions of degree p k of a p-adic field for all k ≥ 1. We focus on the case of extensions with no intermediate field, since in this case we are able to adapt the same scheme of proof that was used for extensions of degree p in [DCD07] and [Dal10] . An extension of Theorem 1.1 and the study of the Galois representations allows us to obtain a classification of the extensions of degree p k in this case. Moreover, for k = 2 we perform more explicit computations and we find formulas for the number of extensions whose normal closure has a given Galois group.
In the following we give an account of the methods and the results of this paper. The general case turns out to be substantially more involved then the degree p case; however, since the sequence of the main steps is the same, to describe the present paper we find it useful to give first a sketch of the proof of the case k = 1; for details one can refer to [DCD07] and [Dal10] .
The basic idea. An extension L/K of degree p is either unramified and hence cyclic, or totally ramified. In the latter case, it is well known that the Galois group of the normal closureL of L is isomorphic to S ⋊ ϕ H, where S ∼ = Z/pZ is the p-Sylow subproup and H is the subgroup fixing L; moreover, the map ϕ : H → Aut(S) ∼ = Z/pZ × is injective and H is cyclic of order d dividing p − 1. It is easy to see that each subgroup of index p in S ⋊ ϕ H is generated by one element of order d, and these elements are exactly the generators of the conjugates of H. HenceL can only be obtained as the normal closure of extensions of degree p that are in the same isomorphism class.
Let F be the compositum of all extensions of K of exponent diving p − 1; note that F contains the p-th roots of unity. If L/K is an arbitrary extension of degree p, then the composite extension L F = F L is clearly Galois over K. The group Gal(L F /K) has a p-Sylow subgroupŜ = Gal(L F /F ) which is normal and cyclic, and H = Gal(L F /L) ∼ = Gal(F/K) is a complement acting onŜ by conjugation. The subgroup ofĤ fixingL is the maximal subgroup of H which is normal in Gal(L F /K) ∼ =Ŝ ⋊Ĥ, so it coincides with the subgroup ofĤ acting trivially onŜ. It follows that from L F one can recoverL as the field fixed by the central elements of Gal(L F /K) of order prime to p.
A key point is that the set of fields L F obtained in this way coincides with the set Ω of all extensions of degree p of F that are Galois over K (see [DCD07, Lemma 4] ). By Kummer theory, the extensions of degree p of F correspond to the subgroups of order p of F × /(F × ) p ; moreover, the elements of Ω correspond to those subgroups that are invariant under the action of Gal(F/K).
Let
be the representation associated to conjugation. Then the elements of Ω correspond to the irreducible representations contained in ρ (which have all degree 1).
Summarizing, we obtain the following theorem. 
To enumerate the isomorphism classes it remains to study the Galois module structure of F × /(F × ) p , and in particular its irreducible subspaces and their multiplicity.
Finally, we remark that in this case the correspondence can be made very explicit, and makes it possible to recover easily additional invariants of the extensions.
To generalize the result to the higher dimensional case, the first task is to find a suitable field F for which an analogue of Theorem 1.1 holds. For each degree p k , with k ≥ 2, restricting to the case of fields with no intermediate extension, we are able to prove that in fact there are many possible choices for F (see Section 3) .
In Section 4 we describe the Gal(F/K)-module structure of F × /F ×p for any tame and split extension F of K. We start with the classification of the irreducible representations of Gal(F/K) over F p , via the study of the irreducible representations overF p . Next, we determine the decomposition of F × /F ×p as aF p [Gal(F/K)]-module and then we bring back this information to get the structure of F × /F ×p as a F p [Gal(F/K)]-module. Again, the results of this section hold for every k.
In Section 5 we focus on k = 2: for each possible Galois group G, we count the number of isomorphism classes of the extensions whose normal closure has a Galois group isomorphic to G. As a byproduct, we get the total number of isomorphism classes and the total number of extensions of degree p 2 without intermediate extensions. We remark that, in principle, the results of Section 4 would allow to perform the same classification for any value of k. However, the number of cases to be examined increases with k and therefore we restricted our analysis to the case k = 2. Recently, M. R. Pati [Pat15] , following our method, extended the classification to the case when k is any prime number.
Finally, we observe that restricting to the case of extensions without intermediate fields, has made it possible to find a tame extension F of K for which the correspondence theorem holds; in turn this yields that the Galois module structure of F × /F ×p has a very nice form. One important feature is that all representations considered are induced by representations of groups of order coprime to p. Trying to adapt the same scheme of proof to the general case, one can not hope for a tame extension F of K playing the same role, and so one has to consider representations of groups of order divisible by p.
In the case k = 2 we can further subdivide the extensions not considered here, into two cases: those with just one intermediate field and those with more than one. The last case can be easily dealt using the results of [DCD07] , since each extension is the compositum of two extensions of degree p. The case of extensions with just one intermediate field requires different methods and will be the object of a separate paper by one of the authors.
Notation and preliminaries
Throughout the paper we shall use the following notation. For a p-adic field K we denote by e K and f K the absolute ramification index and inertial degree of K, respectively, by π K an uniformizing element, by κ K its residue field and we put q K = |κ K |.
If E/K is a finite extension we denote by e(E/K) and f (E/K) the ramification index and the inertial degree of the extension; if E/K is Galois with Gal(E/K) = G, then
. . is, as usual, the lower numbering ramification filtration. In particular, G 0 is the inertia group and its fixed field E ur is the maximal unramified subextension of E/K.
We now recall some basic facts about the structure of the Galois group of a tamely ramified normal extension E/K (see for instance [Iwa55] ). Let G = Gal(E/K), then G 0 = τ is a cyclic group and can be canonically embedded into κ × E via the map σ → σ(π E ) /π E , which is independent of the uniformizer π E . Moreover, G/G 0 is isomorphic to Gal(κ E /κ K ), so G/G 0 ∼ = φ q , where q = q K and φ q is the Frobenius of the extension, and it acts on G 0 via φ q τ φ
|G/G 0 |, we obtain that τ q f −1 = 1. Let υ be a representative of φ q in G; then υ f = τ r for some r. Taking into account that τ r commutes with υ, we have that the order of τ r divides q − 1, whence the order of τ , e = e(E/K), divides r(q − 1). In particular, the Galois group of a finite tame extension is of the form
where e divides q f − 1, r(q − 1) . A Galois extension E/K such that Gal(E/K) is a semidirect product of G 0 and a subgroup isomorphic to G/G 0 will be called a split extension. In general, a tame extension E/K need not be split; however, there always exists an unramified extension M of E such that M/K is split. In fact, let M/E be the unramified extension of degree s = e /(e,r) = ord τ r . Then M = M ur E is Galois over K, and M ur and E are linearly disjoint over E ur . Denote byτ the lifting of τ to Gal(M/K) that fixes M ur , and byυ any lifting of υ. We have thatτ generates the inertia subgroup, andυ satisfiesυ f s = 1. It follows that Gal(M/K) is generated byυ,τ with relationsυτυ −1 =τ q ,τ e =υ f s = 1, and its inertia subgroup is generated byτ . Finally, we remark, for later use, that [M : E] = s is coprime to p and so if the p-core of Gal(E/K) (i.e., the intersection of all p-Sylow subgroups of Gal(E/K)) is trivial, then the same is true for the p-core of Gal(M/K).
The correspondence Theorem
In this section we will state and prove the key result for the classification of the extensions. It is a direct generalization of Theorem 1.1, and it describes, for any k, the isomorphism classes [E/K] of extensions of E/K degree p k having no intermediate extensions. Let F be the compositum of all normal and tame extensions of K whose Galois group is a subgroup of GL k (F p ) and let H = Gal(F/K).
Remark 3.1. Let P be a p-Sylow subgroup of H and let U/K be the maximal unramified subextension of F/K. Since F/K is tame, the degree [F : U] is coprime to p. Denote by U 0 the unramified extension of K such that [U 0 : K] = |P |. Then U 0 is the fixed field of a normal subgroup A of H of order coprime to p, and therefore H is isomorphic to a semidirect product A ⋊ P .
The main result of this section is the following.
Theorem 3.2. There exists a natural one-to-one correspondence between the isomorphism classes of extensions of degree
p k (k ≥ 1
) having no intermediate extension and the irreducible H-submodules
One sees that this case is very similar to the case of extensions of degree p. It follows easily that the Galois group of the normal closure of an extension L/K which corresponds to Ξ is isomorphic to the semidirect product of Ξ by the smallest quotient of H acting on it.
The following lemma will be useful in the proof of the theorem. Proof. This is essentially the same argument used in the proof of [BDar, Thm. 6 .1]. Since |S| and |A| are relatively prime we have
is an exact sequence, hence
We shall now show that the module S A of A-invariants is trivial. Suppose that this is not the case: since H/A is a p-group, by the class formula, the subspace of elements of S A fixed by H/A is non-trivial, so there exists a H/A-invariant subspace of dimension 1, contradicting the irreducibility of S. Therefore S A = 0 and 0 = H 2 (H/A, S A ) = H 2 (H, S), so all the extensions of H by S are split (see [Ser79, §3, Chap. VII] for the interpretation of H 2 (H, S)). In the same way we obtain that H 1 (H, S) = 0. But H 1 (H, S) classifies all possible splittings H → S ⋊ H of the canonical projection up to conjugacy (see [Bro82, Prop. 2.3, §2, Chap. IV]), so the only possible complements of S are the conjugates of H.
Proof of Theorem 3.2. We first show that the compositum
The extension L/K is totally ramified, since otherwise it would contain an unramified subextension of degree p and hence it would have a proper subextension. Let G = Gal(L/K) be the Galois group of the normal closureL of L/K, and let
be its lower numbering ramification filtration. It is well-known that for every i the subgroup G i is normal in G, and that for i ≥ 1 the quotient
LetH ⊆ G be the subgroup fixing L. Since L/K has no intermediate extension,H is a maximal subgroup of G and hence there is a unique index t such that G t+1 ⊆H and G tH = G; observe that t ≥ 1 since L/K is a totally ramified wild extension.
Moreover, sinceL is the normal closure of L/K, no subgroup ofH is normal in G. It follows that G t+1 and Core G (H) (that is, the intersection of all conjugates σ∈G σHσ −1 ofH) are trivial. The centralizer CH(G t ) is trivial too, since it is contained in all the conjugates ofH. It follows that G t is a faithfulH-module.
Observe now that, since G t+1 is trivial, G t is an elementary abelian pgroup; from CH(G t ) = {1} we then obtain G t ∩H = {1} and therefore G is a semidirect product G t ⋊H and |G t | = p k . This implies that the module G t is irreducible: in fact, if there would exist a proper submodule A of G t , then A ⋊H would be a proper subgroup of G containingH, contradicting the maximality ofH.
We will next show that the p-core
is a p-group and therefore the set A of the points of G t which are fixed by the action of O p (H) is a non-trivial subgroup of G t , different from G t because the action is faithful. However, it is immediate to see that the subgroup A is also invariant byH, contradicting the irreducibility of G t .
Let L 1 be the subfield ofL fixed by G t ; we have that Gal(L 1 /K) ∼ =H and L 1 /K is a tame extension, since the p-core ofH trivial. Clearly its Galois group embeds into Aut(
By construction,L/L 1 is totally ramified and henceL
p . This is naturally a H-module; this module is irreducible: in fact, a proper submodule of Gal(L F /F ) would fix a proper subextension E of L F /F , normal over K; hence, E ∩L would be a proper subextension ofL/L 1 normal over K, corresponding to a properH-submodule of the irreducible module Gal(L/L 1 ) ∼ = G t .
Conversely, we show that each irreducible Ξ of dimension k cor-
By Remark 3.1, if k ≥ 2 then the group H satisfies the hypothesis of Lemma 3.3; if k = 1 we have (|H|, |S|) = 1. In any case it follows that the exact sequence 1 → S → G → H → 1 splits, namely, there exists a complement B to S in G and G ∼ = S ⋊ B; moreover, the complements to S in G are exactly the conjugates of B.
If L is the fixed field of B, then the fixed fields of the conjugates of B form an isomorphism class of extensions of K of degree p k . The field L, as well as its conjugates, has no proper subextension. In fact, let K ⊆ L 0 ⊆ L and let C = Gal(M/L 0 ); then B ⊆ C and C ∼ = S 0 ⋊ B where S 0 = S ∩ C, by the formula |S 0 | · |B| = |C|. But this means that S 0 is H-invariant, and therefore either S 0 = {1} or S 0 = S.
It is now immediate to check that the two maps are inverse to each other.
Looking carefully at the proof of the theorem, one can see that it works also for many other choices of the field F . For instance, we have the following corollary. Remark 3.5. The last corollary and the argument given at the end of Section 2 show that there exists a field F for which Theorem 3.2 holds with the additional properties that F is a split extension of K and the p-core of H = Gal(F/K) is trivial.
Unless otherwise specified, in the following F will denote an extension of K with the properties just mentioned.
The Galois structure of F
In this section we will describe the H-module structure of F × /F ×p . We start with the classification of the irreducible representations of H over F p , via the study of the irreducible representations overF p (Section 4.1); our results are quite similar to those of [CMR10] 
The irreducible representations of a tame Galois group.
We shall consider groups of type H = T ⋊U, where T = τ and U = υ are cyclic groups of orders e and f , respectively, with (e, p) = 1 and e | q f − 1, and where υ acts on T via the map x → x q , and q is a power of p, that in view of our applications we will denote by p f K . Note that he group H = Gal(F/K) belongs to this type of groups with T = H 0 .
Let V be anF p -vector space and let ρ : H → GL(V ) be a representation of H irreducible overF p . Let T 0 = ker(ρ |T ),T =T (ρ) = T /T 0 ; to study the irreducible representation ρ we can study the irreducible representationρ :T ⋊ U → GL(V ) which is faithful onT .
Denote byŨ be the kernel of
Let V χ be a 1-dimensional invariant subspace, where χ :
is the character of the representation in V χ . Let α = χ(τ ) and β = χ(υ); then υ i maps V χ to a space where τ acts via a conjugate α q i of α, and the orbit under υ generates the whole V . Moreover, α has order t, because the representation is faithful onT . Hence for 0 ≤ i < s the υ i V χ are all distinct, and ρ is equal to Ind
. If x ∈ V χ is a generator, then the elements x, υx, . . . , υ s−1 x are a basis of V on which τ and υ act via the matrices:
. . .
The representations obtained in this way starting from V χ or υ i V χ are equal for all i, and on υ i V χ the action is described via the character χ The results just proven can be summarized in the following proposition. Our next step is to show how to deduce the irreducible representations over F p from those overF p . More generally, if Ω/Ω 0 is a Galois extension of fields, we deduce the irreducible representations of a group G over Ω 0 , from the irreducible representations of G over Ω.
Let ρ : G → GL(V ) be an irreducible representation of G in V = Ω n over Ω. The irreducible representation over Ω 0 which contains ρ is the sum of the conjugates of ρ under the action Gal(Ω/Ω 0 ). In fact, a representation containing ρ, defined over Ω 0 , must contain all the conjugates of ρ under the action of Gal(Ω/Ω 0 ) and it is easy to verify that the sum over all distinct conjugates is defined and it is irreducible over Ω 0 . It follows that the dimension of this representation is the product of the dimension of ρ by the number of its conjugates. We apply this argument to the representations described in Proposition 4.1: consider Ind T ⋊U T ⋊Ũ (V χ ), and set α = χ(τ ) and β = χ(υ) as above. Clearly this representation is stabilized by Gal(F p /F p (α, β)) and by the powers of the Frobenius φ q fixing β, since χ and χ q i correspond to the same representation. In Gal(F p (α)/F p ) the group generated by φ q is equal to the group generated by φ p (r,f K ) . Putting w = [F p (β) : F p ], we obtain that the smallest power of φ p (r,f K ) fixing F p (β) is φ p lcm(w,(r,f K )) , which generates also the stabilizer of the representation. Hence the number of conjugates of ρ is lcm(w, (r, f K )). We can now prove the following proposition. 
The structure of F
In this section F/K will be a normal tamely ramified extension, and H will denote the group Gal(F/K). We also assume that ζ p ∈ F and that the extension is split. Let H 0 = T = τ , and let υ be a lifting of the Frobenius φ q generating a complement U, so that H = T ⋊ U. Let F ′ be the field fixed by U; then the extension F/F ′ is unramified. Let π be a uniformizer of F ′ , that we choose as an e-th root of a uniformizer of K, where e = e(F/K) (recall that in this case e|q − 1). We observe that π is also a uniformizer of F . Denote by U F the group of units of F and by U 1,F the subgroup of principal units of F . It is well-known that
as H-modules, where as usual U 1,F denotes the group of principal units of F . We now consider the filtration {U i,F } i≥1 of U 1,F , where U i,F = {u ∈ U F | u ≡ 1 (mod π i )}. We want to describe the structure of U i,F as H-module.
For i ≥ 1, the action of τ and υ on U i,F /U i+1,F is described by
for each α ∈ U F , where ζ = τ (π)/π is a primitive e-th root of 1. We can identify U i,F /U i+1,F with κ F via the map
and this induces on κ F the action given by The proposition just proved shows that U i+1,F has a complement in 
Proof. By equation (1) we get
and, applying [FV02, (5.7) and (5.8)], we get
where N s a subspace of M pe F p−1 of codimension 1. It follows that
Finally, the submodule M pe F p−1 /N corresponds via Kummer theory to the unramified extension of degree p, and the action of H on this submodule is given by the cyclotomic character (see for instance [DCD07, Prop.7 
]).
By the last proposition we are left to decompose each M i (for i ∈ 0, I F ), and hence Y := ⊕ i∈ 0,I F M i , into a sum of irreducible representations. We begin by studying the decomposition of M i ⊗ FpFp ; using Proposition 4.2 we shall then obtain the decomposition of M i . 
It is easy to check that the map
is an isomorphism of κ F [H]-modules. We now tensor both sides with
we get the first formula; the second one follows immediately.
Let T 0 be the kernel of the action of ρ |T , letT = T /T 0 and letŨ be the centralizer ofT in U. Assume thatŨ is generated byυ of orderũ. Then Ind
where V (i,β) is the representation of dimension 1 such that τ ,υ act by multiplication by ζ i and β. Consequently we have
and, by Proposition 4.1, this is a decomposition into irreducible representations. Denoting byM i := M i ⊗ FpFp , by Proposition 4.5 we havē
We now compute the multiplicity of each irreducible representation contained inȲ .
Observe that if ,β) ). For any e-th root of unity α ∈F × p , the indices i such that ζ i = α are a congruence class modulo e and, among these, there are exactly p − 1 classes modulo ep which are coprime to p. Hence, in the set 0, I F there are
Finally, since the conjugate pairs (α q i , β) yield the same representation, the multiplicity of
Summarizing, we obtain the following proposition.
Proposition 4.6. Let α, β ∈F p . Suppose that α e = 1 where e = e(F/K), and that ord(α) = t. Let s = ord 
Extensions with a prescribed Galois group
In this section we classify the isomorphism classes of the extensions of degree p 2 of K without intermediate extensions. Actually, we give a more precise result, namely, for each possible Galois group G, we count the number of isomorphism classes of the extensions whose normal closure has a Galois group isomorphic to G.
We start by recalling some relevant facts proved above. By Theorem 3.2, the isomorphism classes correspond to the irreducible H-submodules of dimension 2 of 
where ρ : H → Aut(X) is the restriction of the Galois action to X. We shall see that the isomorphism class of the Galois group depends only on the group H/ ker(ρ); more precisely, we have the following lemma. 
Proof. The if part is obvious. To prove the converse it is enough to show that if H/ ker(ρ) ∼ = H/ ker(ρ ′ ) then, by identifying the two groups with their images in GL 2 (F p ), they are conjugate. Let ρ 0 (resp. ρ ′ 0 ) be an irreducible component of ρ (resp. ρ ′ ) over F p 2 . With a case by case analysis we will show below that H/ ker(ρ 0 ) and H/ ker(ρ ′ 0 ) are conjugate over F p 2 . Clearly, this implies that H/ ker(ρ) and H/ ker(ρ ′ ) are conjugate over F p 2 ; now, since H/ ker(ρ) and H/ ker(ρ ′ ) are realizable over F p , they are conjugate over F p .
As before, we shall write H = T ⋊ U, where T = τ is the inertia subgroup and U = υ . Each irreducible representation ρ of H is described by two matrices ρ(τ ) = T α , ρ(υ) = U β for some α, β ∈F × p . Moreover, α and β must satisfy the following conditions: let t be the order of α, r = ord
According to Proposition 4.2, the degree of the representation given by the matrices T α and U β is lcm( rw /(r,f K ), r). If follows that, if the degree of ρ is 2, then necessarily α, β ∈ F × p 2 ; moreover, s = r /(r,f K ) = 1, 2, and the case s = 2 can occur only if w = 1, i.e., β ∈ F × p . Now, our construction of the field F is such that both e and f are divisible by p 2 − 1 (in fact, it is immediate to check that F contains the unramified extension of K of degree p 2 − 1 and the splitting field of X p 2 −1 − π k ); hence every pair (α, β) satisfying the condition lcm( rw /(r,f K ), r) = 2 satisfies (3) as well.
The representations of degree 2 do not occur in the submodules F p and M ω of Proposition 4.4; hence, by Proposition 4.6, their multiplicity in
. For convenience of the reader, we state without proof the following simple lemma. 
We are now ready to count the extensions of degree p 2 without intermediate extensions whose normal closure has a prescribed Galois group. We distinguish two cases.
Case 2 | f K . In this case the degree is 2 if and only if max{r, w} = 2, and necessarily we have s = 1. The group H/ ker(ρ 0 ) is cyclic of order equal to the order c of ( . On the other hand, for a fixed (α, β) of order c, the representation J (α,β) = V (α,β) has multiplicity n = [K : Q p ], and, by Proposition 4.9, the number of sub-representations X which contain J (α,β) is (p 2n − 1)/(p 2 − 1), since the representation is defined over F p 2 . Now, X = J (α,β) ⊕ J (α p ,β p ) , hence if we sum over all pairs (α, β) of order c, each module X is counted twice. So, we obtain that the number of classes of extensions whose normal closure has Galois group isomorphic to F + p 2 ⋊ N c is exactly
Summing over all pairs (α,
p we obtain the total number of classes of extensions with degree p 2 having no intermediate extensions
.
Case 2 ∤ f K . In this case the representations of dimension 2 over are obtained when one between r, w is 1 and the other is 2.
For r = 1 and w = 2 we have again s = 1 and the group H/ ker(ρ 0 ) is cyclic of order equal to the order c of (α, β) in 
2 − 1 but c ∤ p − 1, the possible pairs are ψ(c, p − 1) and, similarly to above, the number of extensions with Galois group F
Finally, the total number of extensions obtained in this way is
Assume now r = 2, w = 1 and in this case s = 2. The group H acts on J (α,β) (where α ∈ F × p 2 \ F × p and β ∈ F × p ) and the action is described by the matrices
Observe that the group H/ ker(ρ) ∼ = T α , U β is non-abelian. The multiplicity of the representation is equal to 2n and J (α,β) is defined over F p ; by Proposition 4.9, the number of representations isomorphic to J (α,β) are (p 2n − 1)/(p − 1).
We now want to classify the isomorphism classes of groups generated by T α and U β , as α and β vary.
Let γ be a generator of the subgroup of F Proof. Frist observe that the matrices T α and U 2 β = T β commute and they generate the cyclic group T γ , of order c. This subgroup has index 2 in H and it is a maximal cyclic subgroup. It follows that
Multiplying U β by a diagonal matrix in the group, we obtain
which scaling the second vector of the basis by γ ip becomes
(note that this scaling is a conjugation of H by a diagonal matrix so it fixes T γ ). In particular, β is defined up to elements of γ p+1 . It follows that if T α , U β and T α ′ , U β ′ are such that | α, β | = | α ′ , β ′ | and β ′ = βγ i(p+1) , then the two groups are isomorphic.
On the other hand, let H = T α , U β , H ′ = T Proof. If p = 2 the group T α , U β is isomorphic to S 3 and the result is trivial. Now, let p = 2. In the case when φ( T γ ) = T γ the result is clear. Otherwise, φ(T γ ) = T γ i U β ′ for some i, whence φ(T γ 2 ) = T γ i(p+1) β ′ . Now, γ i(p+1) , β ′ ∈ F * p so γ 2 ∈ F * p and β, β ′ ∈ γ ∩ F * p = γ 2 . It follows that φ( T γ 2 ) ⊆ T γ 2 and, having the same order, they must be equal.
Proof. Consider the sets of squares H 2 , H ′2 of H and H ′ , respectively. We have H 2 = T γ 2 ∪ T β T γ p+1 and H ′2 = T γ 2 ∪ T β ′ T γ p+1 . Clearly φ(H 2 ) = H ′2 whence, by Lemma 5.4, φ(H 2 \ T γ 2 ) = H ′2 \ T γ 2 . If T β ∈ T γ 2 , then H 2 \ T γ 2 = T β T γ p+1 and φ(T β T γ p+1 ) = T β ′ T γ p+1 .
If T β ∈ T γ 2 , then in fact T β T γ p+1 ⊆ T γ 2 , and the elements of T β T γ p+1 are characterised as the elements of H having more than 2 square roots and the same holds in H ′ , so they correspond to each other under the isomorphism φ.
The map φ induces an automorphismφ of the cyclic group T γ ε / T γ p+1 , where ε = 1, 2 according to the cases (i) and (ii) of Lemma 5.4. Clearly T β , T β ′ ∈ T γ ε , and, by Lemma 5.5,φ(T β ) = T β ′ , wherex denotes the class of x in T γ ε / T γ p+1 ; in particular, T β and T β ′ have the same order. We now note that this order is either 1 or 2 (in fact, β p−1 = 1, β p+1 ∈ γ p+1 , so β 2 ∈ γ p+1 , i.e., T β 2 =1). Since in the cyclic group T γ ε / T γ p+1 there is at most an element of order 2 and an element of order 1, then T β = T β ′ , so β γ p+1 = β ′ γ p+1 thus proving the proposition.
We now show that each group H = T γ , U β is conjugate (via a diagonal matrix) to a subgroup of H 0 = T γ 0 , U 1 , where γ 0 is a generator .
